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Liam McGrath

Contributions

The team I worked with on this particular project was relatively small and consisted of 3 members; a
masters student, Xichen Lou, a postdoctoral fellow, Tapas Sahoo, and the Tier 1 Canada Research Chair
in Quantum Molecular Dynamics, Professor Roy. The team members each had backgrounds in theoretical
chemistry.

The team’s main goal were to develop and validate a simulation software that implements translation
of molecules using PIMD and rotation of molecules using PIMC, and compare the energy outputs from
this simulation software to the outputs from fully validated simulator, MoRiBS, which implements both
translation and rotation using PIMC. Additionally, we wanted to test the simulation software to determine
if it could accurately replicate an observed phase transition in a system consisting of water molecules inside
a carbon nanotube, with the radius of the nanotube being such that the water molecules are confined in
1D space.

My tasks consisted of developing and validating a simulation software focused on modelling nano-scale
systems. I was responsible for developing an integrator script, which models the dynamics of a system using
PIMD and PIMC, and stores positions and velocities and Euler angles for each time step in trajectory. I was
responsible for developing analysis scripts, which calculated observables such as energies from trajectory
files. I was also responsible for developing consolidator and plotting scripts, which will consolidate outputs
for variables of interest so that they can be visually represented as functions of 1 or 2 variables (using
plotting scripts), while keeping other variables constant. I was responsible for validating the software by
comparing our simulators results with theoretical and experimentally determined results, as well as results
from the MoRiBS simulator.

The purpose of this report in relation to my work term is to illustrate how the software developed can
accurately model a set of simple systems. With this report, I was able to demonstrate the my ability to
apply knowledge attained from my first year physics and third year statistical mechanics courses to develop
a simulation which accurately models nano-scale systems. This report has also allowed me to improve my
writing skills through practice, and provided a record of my work term experience.

The purpose of the simulator is to model nano-scale systems using computational algorithms derived
from physical principles of nano-scale systems. This report will serve as an example for how someone might
approach development and validation of software used to simulate a nano-scale system. The requirements
outlined in the report are general for all types of simulators, and can be applied to simulations of chemical,
biochemical, biological, and economical systems.

Summary

The main purpose of the report is to provide an understanding of the utility of simulators, the trade offs
that go into designing simulators, and the requirements a simulation software must fulfill before it be
released publicly.

The structure of the report is as follows. Firstly, there will be a general introduction followed by
an introduction to theoretical background, which will provide explanations of the governing equations of
nano-scale systems and how they are implemented using computer algorithms. Secondly, there will be a



description of the architecture of the software which will go over importance of each script in the simulator,
and how they are designed to maximize the use-ability of the software. Finally, results generated using the
simulator will be discussed, which will illustrate how developers determine the validity of the simulator
software, and whether or not it is ready to be released publicly. This report will focus on analyzing outputs
from simpler systems.

The main ideas of this report are the theories of PIMD and PIMC, and the reason why these descriptions
of nature were chosen to simulate nano-scale systems. The math describing density matricies and the
method by which the software calculates energies using density matricies will be covered, along with the
Trotter expansion which will outline the importance of how bead numbers model the "quantumness” of
a system. The results from simulations will be compared to theoretical and experimentally determined
values, as well as , to confirm the validity of the simulator developed and described in this report.

The major conclusions of the report are that the software has been partially validated after sets of
simulation results were generated and compared to theoretical and experimental results, as well as re-
sults generated from the MoRiBS simulator. These sets simulations include those that implement only
translation with no potential, only rotation with no potential, and rotation with a LJ and MBPol poten-
tial. It has been concluded that the software is sufficiently usable for users who are familiar with github
and Uniz. Difficult processes such as submission of multiple simulation, analysis of multiple trajectories,
and consolidation of multiple analysis output files has been automated to improve the use-ability of the
software.

The major recommendations from this report to future developers are to improve the software by making
further improvements to its use-ability, and to validate the simulator further by analyzing energy outputs
for systems by simultaneously implementing translation, rotation, and potential energy components and
comparing the results to the MoRiBS energy outputs for the same system. Additionally, future users should
look for more experimental results that are within the limit of what the software can simulate accurately
within a reasonable amount of computation time, and determine if the simulation can replicated their
results.

Contents
Public edition note 1
Letter of submittal 1
Contributions 2
Summary 2
Contents 3
1 Introduction 4
1.1 Economic Considerations . . . . . . . . . . . . . . e e 5
2 Background 6
2.1 PIMC . .. e 6
2.1.1 Emergies . . . . . . e e 7
2.1.2  Density Matrix Approach to Calculating Energies . . . . . ... .. ... ... ... 8
2.2 Waters in a Nanotube System . . . . . . . . . . .. L 9
2.2.1 Rotational Density Matrix . . . . . . . . . . . .. 10
2.2.2 Potential Energy Density Matricies . . . . . . . . . . . ... oo 10
2.2.2.1 LJ Potential . . . . . . . . . ... e 10



2.2.2.2 MBPol Potential . . . . . . . . .. 10

3 Simulation Software 11
3.1 The Submit and Start Scripts . . . . . . . . .. 12
3.2 The Integrator and Potentials Scripts. . . . . . . . . . .. ... ... 13
3.3 Analysis, Consolidator and Plotter Scripts . . . . . . . . . . .. ... ... .. 13

4 Simulation Results and Discussion 14
4.1 Simulation Validation . . . . . . . . . . . . . e 14

4.1.1 Comparison of Translational Energy Outputs . . . . . . .. .. ... ... .. .... 14
4.1.2 Comparison of Rotational Energy Values . . . . ... . ... ... .. ........ 15
4.2 Energy Outputs. . . . . . . . . e 15
4.3 Ordering Parameter Outputs . . . . . . . . . . . 16

Conclusions 16

Recommendations 18

Glossary 18

References 19

Appendix A: Evaluation of the Translation Density Matrix 19

Appendix B: Rotational Density Matrix Derivation 21

Appendix C: Proof of Approximation 22

Appendix D: Energy Eigenvalues from Operators Proof 23

Appendix E: Simplification of Asymmetric Top Hamiltonian 24

Appendix F: Coulomb Potential 24

Appendix G: Dipole-Dipole Interaction Potential 24

Appendix H: Euler angles for Rotation Matrix Functions 25

1 Introduction

The field of simulations is said to lie between experimentation and theory, because simulations are them-
selves interpreted as computational experiments performed using algorithms. These algorithms are de-
signed based on theories of the natural world. The aim of all types of simulation software (simulators) are
to replicate the physical/chemical/biological/economical observables seen in the outside world by applying
theory using algorithms implemented on a computer. There great utility in computationally replicating a
nano-scale system because it is far less expensive to perform experiments using computational simulations
than it is to perform the same experiments in a laboratory. The purpose of the software described in this
report is to replicate the experimental observables from research papers that study physical properties of
1D systems with small numbers of molecules (i.e. N < 10). The main problems focused on in the report are
the validation of the simulator, the minimization of computational time, and the usability of the software.
Computational efficiency, use-ability and accuracy are required before the simulator can effectively be used
to replicate nano-scale systems. It is required that the outputs of the simulations are sufficiently close to
theoretically and experimentally determined results. Simulations applied using governing equations that



describe physical systems generate trajectories as outputs by proposing initial positions and velocities all
atoms present in a system, and computing subsequent values using governing equations implemented using
computer algorithms. The method by which the software computes physical observables from trajectories
is based on statistical mechanics, and so the trajectories are obtained by implementing the translations
using PIMD and rotations using PIMC. Molecular dynamics was chosen to model translation because it
is easier, and more computationally efficient to implement due to the fact translation in 1D systems can
only occur in the positive or negative x direction. Molecular dynamics applies classical equations of motion
(%‘f = 7, mfl—? = F = —VVU) to generate the positions and velocities for each time step to be stored
in the trajectory for a particular simulation.

Changes in positions are calculated using velocities, and forces are used to determine the change in
velocity between time steps. Forces are calculated using knowledge of the gradients of a the potential
energy functions chosen by user. The Langevin equation is used to keep (v?) at a certain value such that the
equation %m<v2> = %k BT remains valid for whatever temperature was chosen for the particular simulation
[1]. This is done because the software is modelling Canonical systems (which requires a constant number
of particles N, volume V', and temperature T'), and because the PIMC rotation implemented requires a
constant temperature to be able to easily and efficiently calculate the acceptance criterion. Rotation of
molecules were implemented using PIMC’s implementation of the Metropolis Hastings algorithm, with the
acceptance criterion is calculated as %e*T(VMW*VO“), where the density matricies and potential energy
are functions of the positions of the atoms and the orientations of the molecules [2]. PIMC is chosen to
model rotation because the outputs of the simulation are dependant on temperature, so users may take
advantage of this to run simulations at multiple temperatures and determine at what temperature a phase
change occurs, which is seen by looking for rapid changes in physical properties with respect to changes
in temperature. PIMC is also required to accurately model systems where quantum effects are present,
which occurs frequently for small systems of molecules.

1.1 Economic Considerations

Thoroughly tested simulation software can be used in place of real world experiments, which save on both
material and human resources, which may be allocated to other experiments. Simulators could also be used
to help a research department narrow down what types of systems (molecules/materials) show promising
properties, and are worthy fabricating and/or performing experimentation. A well known example of this
is DESRES, which simulates protein folding and drug binding to help pharmaceutical industries determine
what bio-molecules are worthy of further experimental testing [3]. Simulations can be a cheaper method
of performing experiments. This depends mostly on whether or not the computational cost of performing
a simulation is greater or less than performing the actual experiments itself. For nano-scale systems, as
long as the simulation can be performed in a reasonable amount of time (less than a week), it will cost
less than it would to perform the experiment. There is also an inherit trade off between the number of
molecules a program can accurately simulate in a reasonable amount of time and the versatility of the
software. Simulations with large numbers of molecules tend to have less governing equations. A simulator
that models protein dynamics can be performed in a reasonable amount of time as long as quantum effects
don’t need to be modelled. Systems which require quantum mechanics for accurate modelling require
small numbers of molecules to obtain accurate outputs in a reasonable amount of time because they will be
modelled using more governing equations, which will inevitably lead to more computation time per particle.
Its worth noting that the simulation must run for a certain number of time steps before sufficiently accurate
results can be obtained. According to the law of large numbers, the more time steps taken in a simulation
(the more data points gathered), the closer the time average of observables are to the true values (seen in
figure Figure 1-1) [4].
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Figure 1-1: Average Energy vs. Time Contrasted with a graph depicting the Law of Large Numbers.

2 Background

To fully understand how to go from a Hamiltonian to the (translational, rotational, and potential) energy
outputs, its instructive to go over principles of statistical mechanics and PIMC.

2.1 PIMC

The quantum mechanical partition function can be used to calculate all thermodynamic quantities, and it
can be defined using a density matrix as;

Z = Trp. (1)
The trace operator is a sum over the diagonal elements of the density matrix (which we define as
p = e PH) and it can be calculated as an integral in the continuous coordinate basis |q);

z = [daale ) . (2)

The Hamiltonian H can be represented generally as having a kinetic term T and a potential term V,
so the previous formulae can be re-expressed as;

z—t/m@eﬁﬁwﬂm, (3)

The exponential shown above can be expanded into a product of exponentials so that each operator
in the Hamiltonian can be treated independently, as long as the § is sufficiently small (i.e. temperature is
sufficiently large 8 = kBLT);

BEAT+Y) o BY —BT Y (4)

The details of this approximation can be found in Appendix C. The Trotter expansion makes this
approximation exact. It is defined as;

o R

B4y Y . _8v _pf _pv

e PEHT*3) = lim [e e Pe 2P} . (5)
P—oo

It is appropriate to define = so that the mathematics look cleaner and less overwhelming;

BV BT BV [a% 7 [a%
= = e 2Pe Pe 2P = e_Te_TTe_T7 (6)

using this notation one can more cleanly represent the partition function as;
. =P
z = Jim [ datal="1o) )
P—o0

6



One can employ the resolution of the identity to this expression after reinterpreting |g) as |q1) to obtain;

/ dar (@] 22 |q1) = / day / daz (1] Z1a2) (@2 E ) (8)

which gives the partition function as;

P
7 = lim [dq [ dg... | dgpy | d } : 9
P_m/ q1/ q2 / qp 1/ qp };[1 Egiv1) S 9)

Now, focusing on the potential terms;

BV (4;) v BV (2i41)
<q2|e % = e 21;1 , 6_% ’qi+1> = e 2q}13'+1 . (1())

Using the equations in 10, the expression (g;| 2 |gi+1) becomes;

BV (a;) Bp? BV (gi41)

(6] Qgiv1) = e 2P (qi|e 2mP |qp1) e 2P . (11)

The evaluation of the translational partition function is shown in Appendix A. The final form of the
partition function is;

- (Y (Al

qrP+1=4q1

It would require infinite computation power to perfectly replicate the quantum system, so instead an
approximate partition function is calculated, where the accuracy of the approximation is proportional to
the number of beads P used in the simulation. The approximate partition function is;

() Tl a0l

qP+1 =41

~

When the change in the value of some time averaged observable with respect to increase in bead number
is sufficiently small (i.e <g—9 < Agits), that bead number is chosen as a simulation parameter in the system.
This minimizes the computational time, which is favourable for users because it also minimizes the time

cost of the simulation.

2.1.1 Energies

Energies in a statistical mechanical system are traditionally calculated as;

o
= Zgipifi ) (14)
i=1

where p;, is the probability of a particle being in a given quantum state ¢; with degeneracy g;. The
probability distribution is normalized by the partition function, and is expressed as;

e kBT

P = s 1
p 7 (15)

The partition function in its most basic form has the expression;

o < o0
= Zgie_kBT = Zgiefﬁei, (16)
i=1 =1




where g = lq%T‘ It can be shown that the energy of the system can be calculated using the partition
function by taking its negative derivative with respect to # and dividing by Z;

o0

(17)

gieiexp (—fe) 0 s=~giexp(—fe&) 102
= _5752— - -7z

£ Z Z08 "

Energies can also be calculated using density matrices and a variable 7, which is analogous /.

2.1.2 Density Matrix Approach to Calculating Energies

Energy outputs can be calculated using density matricies. The density matrices for the system (generally
speaking) depend on a partitioned product of density matrices for simpler systems, which are treated inde-
pendent so that they are more easily and efficiently solvable than they would be as a collection (this is analo-
gous to the partition functions being constructed from partition functions Z = Ziyans Zrot Zpot). For systems
with more than one spacial dimension, one must define the basis vector B = (7 Q) = (z,y,2;0,0,x), where
0= [¢,0, x] are Euler angles, explained further in Appendix H. This basis vector is used to calculate the
density matrices for a given Hamiltonian;

p = (Rlexp (-~ BH)|R), (18)

where the Hamiltonian for the systems being studied are defined as having translational, rotational,
and potential energy components.

I;[ = Ttrans + Trot + ‘A/pot- (19)

Density matrices are typically written with two half potential terms, one which operates on bead ¢, and
bead (i + 1) bead (i + 1);

p = <R‘ *ﬁ( Ypot +Ttrans+Trot+ Vpo t) ‘R’> (20)

For high temperature systems (small 5 systems), the exponentials can be expanded into a product
of exponentials for each operator in the Hamiltonian (shown in Appendix C), which each independently
operate on the basis vector |R);

vaot

ﬁ ~ <R| e_me 6T7‘ot

ﬁ Vpot —
2

(21)

The bra and ket (basic vectors) act differently on the translational, rotational, and potential terms in
each case. The tranlational terms are independant of the Euler angles Q, and the rotational terms are
independant of Cartesian Coordinates 7, and the potential density matrix will have the full set of basis
coordinates R. It’s approapriate to express the density matrices as having only their respective basis
vectors acting upon them. The previous term can also be represented as;

p = (exp (=22 7y @lexp (= i) 19) (Rlexp (= 877 ) 1) (22)

Performing the Trotter expansion, one can re-express our old result as;

Z = Jim de/ng /dRpl/dRpH SR | (23)

=1

Now notation is important. One can say that;

ﬁi - <Rz|5‘éz+1> - ﬁtransiﬁrotiﬁpoti . (24)



pot Tﬁ2 TVpot —

p/‘i — <Ez‘ e_T(Ttrans“l‘Trot“F‘A/pot) ’ﬁ1+1> ~ <R ‘e 2 e me—TTTOte— 5 ‘Rz+1> (25)

The operators act independently on the basis vectors ((RZ\ and |RZ+1>) to give the energy eigenvalues.
A proof of this is shown in Appendix D.

p" — <R‘Ae (Etran5+Erot+V )‘Rl+1> . (26)

Much like how F = —ag‘BZ , a similar expression is true for 7 when trying to find the partial energy
contributions from p,qns,, Pror; a0d Pl , Where i and ¢ are the indices for bead number and time step
respectively. Its instructive to name these energies efmnsl_, eﬁ;ot , and epot , respectively;
Et _ _8ln ﬁ%runsi Gt _ _81n ﬁ?t”oti et _ _8ln [);mti (27)
trans; 87_ ’ rot; 87’ ’ pot; 87' .
The energy outputs of the simulations are translational energy, rotational energy, potential energy, and
the total energy, which are calculated as [1];

Nt t Nt t
< > rmesteps et,rlanSl 3PN mP 1rmesteps Etransz (28)
cirans) = D Z = 25 2 Z
steps Ntzmesteps 25 2h2 BZ Ntzmesteps
Ntimesteps P Gt Ntimesteps P Et
_ rot; _ pot;
S VD B SR CUND DR DS v (29)
=1 i—1 timesteps =1 i—1 timesteps
Ntimest
< > 3PN mP rmesteps etransz
€total) — - § §
2/6 2h2ﬁ2 Ntzmesteps
Ntzmesteps P Ntzmesteps P t
pot
AP IED S 2 NP
Nt@mesteps P =1 Ntzmesteps P

2.2 Waters in a Nanotube System

The Hamiltonian used to obtain the results discussed in this report contains rotational kinetic energy and
potential energy components, and describes pinned water molecules (asymmetric tops) in a 1D lattice;

Ij] = Trot + ‘A/pot . (30)

The rotational kinetic energy operator is used to calculate the rotational density matrix p,.¢, and the
potential energy operator is used to calculate the potential energy density matrix p,o. The translation
density matrix pirqns is calculated based on the separation distance between the ¢ — 1" and i + 1" beads.

Generally, the Hamiltonian used this particular simulation software contains translational and rotational
kinetic energy and potential energy components, and describes free moving water molecules (asymmetric
tops) in a 1D chain;

f{ = Tt'rans + Trot + ‘7;2015 . (31)

This implementation of the software has yet to have its energy outputs tested against the thoroughly
tested benchmark software, MoRiBS.



2.2.1 Rotational Density Matrix
The kinetic energy operator for water molecules is what is known as an asymmetric top can be written as;
Trot = AJ?+ BJ2+CJ?. (32)

The rotational density matrix is difficult and lengthy to evaluate analytically. Details of how this is
derived can be found in Appendix E. The equation for the rotational density matrix is shown in Figure 2-2
[5]. The derivation for this formulae from the Hamiltonian above is shown in Appendix B.

(2| exp (—tfr) |_Q’) — Z (2;:21) Ci.k’ exp (—TEJ-,‘() i.Ci‘kd’,'(,k (é) cos (k'qB - k)“() ,

jhi! k==j
Figure 2-2: Rotational Energy Density Matrix

2.2.2 Potential Energy Density Matricies

The potential energy operator can be one of many different potentials, depending on what type of system
the user of the simulation software wants to simulate. The potentials featured in this software consist of a
coulomb potential, a LJ potential, a dipole-dipole potential, and an empty potential which is used when
the user wants to study systems with purely kinetic energy. These potential are all explained further in
Appendix F, and Appendix G. There is also a MBPol potential which is the most accurate, and it is the
potential used alongside the LJ potential to obtain some of the outputs discussed in the results section of
this report.

2.2.2.1 LJ Potential

The LJ potential is used when the user wants to model potential interactions between purely neutral
molecules as well as any potential interaction that fails have any form of repulsive forces between atoms
or molecules. The LJ potential is mathematically represented as;

. ii}[()_ (;)6] | )

This potential is also know as the 12-6 potential, called this because there is an attractive term repre-
sented as %6 and a repulsive term represented as T% [6]. The repulsive 12 potential acts as a hard wall,
having little effect (relative to the 6 potential) when molecules are far away, and having a strong effect
when molecules are closer together. The minimum energy —e occurs at 2%0, represented in Figure 2-3.

In cases where the LJ potential is used, superimposed on other potentials, if € is sufficiently small, then
the potential can be considered weak compared to all other potentials (except in the hard wall cases where

two molecules come very close together) and will barely contribute to the output.

2.2.2.2 MBPol Potential

The most sophisticed and accurate potential is a ”"black box code” named MBPol (many-body polarizable)
which calculates to potential energy between many molecules, taking into account the polarizability of
molecules. This code was written by another individual who is not a direct member of the Roy research
group. It is useful when studying the energy and ordering parameters outputs from simulations, which can
be useful for determining phase changes in systems. This is because accurate results are required, and they
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cannot necessarily be generated using simpler, less exact potentials such as the dipole-dipole interaction
potential.

3 Simulation Software

The simulation software that was been developed utilizes a software package known as MMTK (created
by Konrad Hinsen) to store the trajectories [7]. The benefits of using MMTK to do this is that MMTK
includes the ability to visualize molecular motion using a VMD package which requires MMTK trajectories
as inputs. Simulations of this system are performed using the PIMC and PIMD sampling techniques, which
were outlined in the background.

PIMD is used to translate the molecules according to the equation of motion F = —VU , where we know
F= %, and dp' = mduv, so one can isolate the change in velocity between time steps as dv/ = ;41 — U; =

—%VU and update the velocity accordingly (i.e. v;11 = v; + dU. The velocities are adjusted at the end of
molecular dynamics simulation loop using the Langevin equation, which is used to keep (v?) at a certain
value such that the equation %m(vz) = %kBT remains valid for whatever temperature was chosen for the
particular simulation [1].

The Metropolis-Hastings algorithm PIMC is used for the rotation of water molecules around their centre
of mass [2]. This is done by randomly perturbing the values of each of the water’s Euler angles from their
previous state, and accepting proposed rotations based on if the acceptance criterion %e*T(Vnew*Vdd) is
greater than a random number generated between 0 and 1 [2]. If this proposed Euler angles are accepted,
they are stored in the trajectory, otherwise the previous values are stored in the trajectory in their place.
This sampling process is chosen with the intent of modelling phase transitions in systems with small
numbers of molecules. This is because the acceptance criterion, and therefore the outputs, are dependant
on the temperature chosen for the simulation (7 = #BT)‘

While this implementation seems simple in concept, the drive for efficiency makes what could be a
simple set of nested for loops in a python script a more challenging task, involving using cython coding
language for the integrator, then a compiler to convert the integrator script into .so files (machine code
files) for maximum efficiency. This slows down the debugging process slightly but speeds up the rate at
which we can perform simulation steps 10 fold. The potential files are written in c++ for efficiency, and
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are also compiled into .so files using compiler scripts for efficiency purposes.

A simulation software package consists of a Unix directory that contains several different file types that
each serve a purpose that is integral to the function and efficiency of the software as a whole. These scripts
serve a variety of functions, but generally the scripts are simulation (integrator script) or potential scripts,
or they are used to either submit simulations, analyze trajectories outputted from simulation scripts. The
simulation script is known as the integrator script, named so because PIMD and PIMC essentially calculates
observables using integrals (or averages) to calculate partition functions using density matrices, which are
then used to calculate time average energy outputs as well as other observables. The scripts that used for
submitting simulations for sets of inputs parameters (sets of temperature, bead number, lattice spacing,
and number of molecules) are known as the submitter scripts and simstart scripts. The scripts used to
analyse and plot the trajectories of simulations are the analysis scripts, consolidator scripts, and plotter
scripts.

3.1 The Submit and Start Scripts

The submit script, submitscript.py, is used to perform multiple simulations which use the same potential
energies as inputs, but vary input parameters such as temperature, bead number, lattice spacing, and
number of particles. The submit script simulates all variations of simulations by looping (using nested
loops) through lists of the input parameters and submitting simulations using the values in these lists the
user chose as input arguments, which are submitted to the simstart.py script. Each of the combinations
of simulations are submitted to a server (nlogn or compute canada) as submitscript.py loops through
the lists of input values. This script takes several input arguments including, but not limited to density
matrix files, rotational energy files, rotational energy squared files, number of particles, lattice spacing,
and integers which indicate whether a potential energy script is to be used in the simstart.py script.
Density matrix files, rotational energy files, and rotational energy squared files (i.e. T = 155.0K and
P = 8 would look like; H20_T155P6.rho, H20_T155P6.eng, H20_T155P6.esq) are obtained by running a
asymrho.f code (which calculates the values derived in Appendix B), and using temperature and bead
number as input arguments. These input parameters are incorporated into the names of their respective
output files. This implementation was chosen to increase the usability of the software. Users can easy
perform multiple simulations simultaneously by simply submitting lists of each of the input parameters
as arguments to be submitted to the submitscript.py script. The order of the arguments is specified in
README file, and the submitterfile.py is designed to automatically chose the proper density matrix
type files (stored in a separate directory) from temperature and bead inputs chosen by the user, which to
be submitted alongside their respective lattice spacing and number of particles input arguments.

The simstart.py script is what creates and fills the trajectories for the molecules present in the
simulation. It starts simulations and outputs trajectory files which are used themselves as input arguments
for analysis scripts. Analysis scripts calculate output files containing a particular simulation observable such
as translational energy, rotational energy, potential energy, ordering parameters, etc. The simstart.py
script starts by importing integrator scripts and the set of potential energy scripts chosen by the user using
input arguments. It then initializes particle trajectories and simulation parameters using information
gathered from input arguments (such as temperature, bead number, lattice spacing, etc). Afterwards, the
simstart.py script defines the initial conditions for the molecules before calling the integrator script to
start the simulation loop. Before the main simulation loop is run, 300 equilibration steps are performed so
that the trajectory file doesn’t include the first 300 positions, velocities, and Euler angles. This equilibration
process is performed such the outputted trajectory files to be analyzed will have more accurate observable
files outputted, than if the first 300 positions, velocities, and Euler angles were included in the trajectory
file. The energy output files are calculated by averaging over all time steps. The initial 300 time step
values would likely deviate greatly from the equilibrium trajectory values, so including them in the time
average would likely skew the average and increase the deviation of the observable.
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3.2 The Integrator and Potentials Scripts

This script contains the main simulation loop and several functions that are called on during the main
simulation loop. The main loop is executed Nyjmesteps Dumber of times, and translational steps are per-
formed each time during this loop (in the cases they are performed at all). Monte Carlo rotation steps
are performed about once every 50 molecular dynamics steps, which was chosen because this matches the
implementation of the MoRiBS simulator.

In the Monte Carlo rotation loop, there is a loop for the number of molecules and the number of beads.
New Euler angles for <Z>§+1 and X;H are proposed by adding 27 - § times a random number between -1 and
1 to ¢! and x!, and the new Euler angle HfH is proposed by adding 7 - § times a random number between
-1 and 1 to #!. The value of § is chosen such that the probability of accepting newly proposed Euler angle
values is between 0.3 and 0.5. If statements are placed to push values proposed outside of the ranges
¢€[0, 27], O¢e[0, 7], and xe[0, 27], back inside the range. The new Euler angles for the loop bead are used
alongside the Euler angles for the (i + 1)"* and (i — 1) beads to calculate the rotation matrices. These
matrices are used to calculate the relative Euler angles between beads, which are also used to calculate;

t+1 t+142
Trot ? and (erot ) .

These values are inefficient to calculate them each time, so instead a function is used to obtain a previ-
ously calculated value for the values above, which has been stored in a specially marked file. The rotatioanl
density matrix, energy, and energy squared files are used as an input arguments prior to submitting the
simulation. There are 23 588 101 values stored in each of these files, which correspond to the 361 x 181 x 361
different integer values in the range of ¢, , and x. Once the builtin cython function int(¢+ 1), int(6 +1),
int(x + 1) is applied to relative Euler Angles, the rotational density matrix, energy, and energy squared
can be retrieved and used in the rotational part of the simulation loop. The ,ot'H value is used to calculate

rot
the ppew value which is needed in the equation for the acceptance criterion ( %e_ﬂvnew_ od) ). Similarily,

€

Pold is calculated using ¢;, 6;, and x;. If the proposed Euler angles are accepted, effgtl, and (e£§t1)2 are
stored in the trajectory, otherwise €. ,, and (e!,,)? are stored in its place.

Vihew and V4 are calculated by calling potential scripts using all the atoms positions, and the molecules
orientation as inputs. Potential scripts contain methods that use equations to calculate potential energy,
and the gradient of potential energy using all the positions of the atoms in the simulation as input argu-
ments. The potential energy is used for the PIMC part of the integrator, and the gradients are used for

the PIMD part.

3.3 Analysis, Consolidator and Plotter Scripts

Two specifically designed analysis scripts were used to calculate the results displayed in the following sec-
tion from trajectories generated from simulations performed in the
H20Rigid3DRotor_PINormalModeIntegrator.pyx integrator script. One was designed for calculating en-
ergy outputs trajectories, and the other used for calculating ordering parameter outputs from trajec-
tories. Energy outputs could be the total energy, rotational energy, transnational energy, potential
energy, etc. The trajectories submitted as arguments to the analysis scripts will have the tempera-
ture, bead number, lattice spacing, and number of particles in their file name. An example of this is;
N2H20T95.0P8R0.4Dip.nc, which contains the specific temperature, lattice spacing, number of molecules,
and bead number (7'=95.0K, R = 0.4nm, N = 2, P = 8). The analysis script extracts these parameters
from the file name, and incorporates all these parameters into the output file name along with the name of
the observable being calculated from the trajectory. The output file will just contain one value, the output
from analysis of the trajectory.

Consolidator scripts consolidate several outputs into one consolidated script, keeping two or three of
the parameters (temperature, bead number, lattice spacing, and number of particles) constant. The loop
goes through files in order of lowest to highest parameter size, which keeps the values sorted in the final
consolidated script so that the plotter doesn’t have to perform a sorting proceedure. Implementing a
sorting procedure in the plotter scripts which would cost the user valuable time. They gather all outputs
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for parameters that aren’t kept constant into one file which is given a file name based the output of
interest, and the two (or three) the parameters that were kept constant. An example of this is for the
three parameter case is energy-T155.0nmolecules2nbeads10.file, which has all the energy outputs for
all the different simulations with different lattice spacings that have that specific temperature, number of
molecules, and bead number respectively (T' = 155.0K, N = 2, P = 10).

There are two types of plotter scripts. One is named plotter.py, and it is used to output 2D plots,
given a set of files as input arguments that want to be plotted by the user. These types of input arguments
were consolidated keeping three variables constant. The other script is named surfaceplotter.py, and
it outputs a 3D surface plot given 1 file as an input argument. These types of input arguments were
consolidated keeping two variables constant. Results from the next sections were all generated using one
of these two plotting scripts.

4 Simulation Results and Discussion

The simulation software for the asymmetric top was tested by comparing the energy outputs to a similar
software named MoRiBS, which implements both translation and rotation using Monte Carlo methods.
The MoRiBS Monte Carlo simulator has been validated by confirming its energy outputs match theoretical
calculations and experimental data, so it is used as a benchmark to validate this simulator. Once a set
of validation tests are performed on the simulator (which is currently still being developed), sufficient
confidence will be built with the software, and it can be advertised to potential users. The first steps
towards validating the simulator are confirming that the translational and rotational energy outputs are
close to their theoretical values for the asymmetric top. This has been completed, and the results will
be discussed. The simulator was also used to replicate experimental data by creating and analyzing the
outputs of the energies and ordering parameters of the system as a functions of temperature, bead number,
lattice spacing, and number of particles. 2D and 3D plots were used to visually represent the data to aid
in interpreting the results.

The translational energy outputs were obtained by running the simulation for a system with no po-
tential using temperatures 7' = [10.0K,20.0K,30.0K,50.0K,100.0K] (as well as N = [1]), P = [1],
R = [0.3nm]. The rotational energy outputs were obtained by running the simulation for a system
with no potential using temperatures 7' = [10.0K,20.0K,30.0K,50.0K]. The input parameters cho-
sen to analyze energy outputs and ordering parameters were combinations of the temperatures T =
[15.0K,70.0K,95.0K,140.0K,145.0K, 150.0K, 155.0K, 160.0K, 293.0K], bead numbers P = [2,4,6,8, 10],
lattice spacings R = [2.4nm, 2.55nm, 2.7nm, 2.85nm, 3.0nm, 3.25nm, 3.5nm, 3.75nm, 4.0nm], and number
of molecules N = [2,4, 6,8, 10].

4.1 Simulation Validation
4.1.1 Comparison of Translational Energy Outputs

When validating whether the software is modelling translation properly, one may simply compare the

translational energy outputs to the theoretical value which is proportionate to %N kgT. The units of the

: : 1 _ 1.6x1071
energy are in Kelvin rather than Joules or electron volts (where 1K v md = Taaxioe=eV)

The translational energy outputs are in good agreement with the theoretical values for all simulated
temperatures, so the simulator has passed this validation test. The MMTK simulator results and theoretical
energies are compared in Table 4-1.
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Table 4-1: Expected Output vs. Simulation Output 1 000 000 steps
Temperature Theoretical Value Etrans MMTK Value Error

10.0 K 15.0 K 15.148 K 0.020 K
20.0 K 30.0 K 30.104 K 0.043 K
30.0 K 45.0 K 44.068 K 0.063 K
50.0 K 75.0 K 74.359 K 0.106 K
100.0 K 150.0 K 147904 0.214 K

4.1.2 Comparison of Rotational Energy Values

The asymmetric top rotational energy can has been calculated theoretically using the asymmetric top
eigenvalues for water molecules. These values was used to validate the MoRiBS software [5]. The simulator
being developed used the simulator MoRiBS as a benchmark, and compared its rotational energy outputs
to theirs. The rotational energy outputs from MMTK are in good agreement with the rotational energy
outputs from MoRiBS for all simulation temperatures, so the simulator has passed this validation test.
The simulation was ran for 200 000 times steps and 2 000 000 steps, and the results from MMTKcand
MoRiBS are compared in Figure 4-4.
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80
70 1 Yellow --> MMTK 2 000 000 Steps
60 - Blue --> MMTK 200 000 Steps
g Red --> MoRIiBS Results,
> 50 1
2
L]
=
W og0 A
[1+]
c
g
" 30
B
(=]
=)
20
10
0 T T T T T
0 10 20 30 40 50 60

Temperature (K)

Figure 4-4: Rotational Energy vs Temperature

4.2 Energy Outputs

The expectation value of the distance between water molecules occurs when the molecules are at their
minimum potential energy. When water is in a solid state, they form a lattice where their center of masses
are some distance apart from each other. It has been stated in literature that the expectation value of the
distance between water molecules is 2.85nm, which was calculated from first principles by assuming the ice

has a density of 1-£- and a molar mass of 180% [8]. Figure 4-5 displays all the rotational and potential en-
: mol

ergy outputs from simulations at temperatures 7' = [15.0K,70.0K,95.0K, 293.0K], bead numbers P = [10],
lattice spacings R = [2.4nm, 2.55nm, 2.7nm, 2.85nm, 3.0nm, 3.25nm, 3.5nm, 3.75nm, 4.0nm], and number
of molecules N = [2]. The minimum potential energy for these systems seem to lie around R = 2.85nm,
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which is in good agreement with the literature result. Most of the rotational energy outputs seem to
increase linearly with temperature (for the same lattice spacing), much like the rotational energy results
from MoRiBS. The rotational energy outputs seem to show minor deviation in value with respect to lattice
spacing, with increasing deviation from increasing temperature.

Energies vs. Lattice Spacing for 2 Waters and 10 Beads per Molecule
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Figure 4-5: Energy vs. Seperation Distance.

4.3 Ordering Parameter Outputs

The ordering parameter is defined as the expectation value of the absolute value of the dot product

between the axis of the nanotube vector and the direction of the dipole of the molecule vector (i.e. (0) =
Ntimesteps |€nanotube'€dipol€|ijk

Zf; 1 Z;VZI ik TR~ ). Its purpose is to determine how ordered the system is, where a

large change in the value of the ordering parameter with respect to temperature or lattice spacing could be
characterized as a phase change in a system. A similar system was analyzed experimentally, and a spectral
shift occurred around 7' = 150.0K, indicating a phase change [9]. The submitscript.py script was used
to run combinations of simulations using LJ and MBPol potentials, and varying input parameters such
temperatures, bead numbers, lattice spacing’s and number of particles. The trajectories were analyzed and
ordering parameter files where outputted. The outputted files were consolidated into separate files that
would each keep number of beads and number of particles constant. The bead number was chosen because
it gave a sufficiently good interpretation of the quantum effects of water molecules while not being too
computationally expensive. The software’s surface plotting feature has be used create Figure 4-6. Looking
at the figure, a phase transition seems to occur around 7' = 140.0 — 160.0K, which is in good agreement
with the literature results. From the lattice spacing side of the surface plot shown in Figure 4-7), one may
observe a peak at 0.285 nm, and a rapid drop off while trending towards 0.4 nm.

It is worth noting that the trend was very similar for systems with larger number of particles (i.e.
N = [4,6,8,10]) but different for smaller number of beads (i.e. combinations of P = [2,4,6,8].

Conclusions

The development of the simulation software is ongoing. The more the system is tested, the more it proves
what it can reliably model, and the more its developers will learn what it can’t. The utility of the software
is associated with the number of situations the system can accurately model, and the accuracy of each
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Ordering Parameters vs. Temperature and Lattice Spacing(N=2,P=10)
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Figure 4-6: Ordering Parameter vs Temperature Representation
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Figure 4-7: Ordering Parameter vs Lattice Spacing Representation

of those simulations. The utility also depends on the software use-ability. The software has been tested
in a variety of situations, and has proven to match theoretical and experimental results in each of these
situations.

README files were added so that future users and developers could better use or develop the simulator
in the future. The software was set up so that users could use the README files as guides, so it has a
fairly decent use-ability. If users want study the simulation of asymmetric top system with a particular
potential energy function, but varying input parameters, they can use README files find out how to
perfrom multiple simulations by submitting lists of input parameters to submitscript.py. The outputs of
the simulations are contained in files stored in a separate directory, and the output files can be consolidated
using consolidator files in order to prepare data for line or surface plots. This also increases the use-ability
of the software because new users don’t have to gather results themselves.The software is accessible on
github, and it can be effectively used by users who can navigate through Unix directories, use github
commands to clone the software, and read README files.
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The translational and rotational energy outputs were close to correct theoretical values for the set
of temperatures tested. This validated the modelling of basic dynamics of the system. The energy and
ordering parameter outputs were in good agreement with what was observed in experiments. The waters
rotational energy seemed to increase appropriately with respect to temperature, with a variation with
respect to lattice spacing that increased with respect to temperature. The waters potential energy seemed
to be minimum at 0.285 nm, which seemed to agree with experimental findings and theoretical calculations
[8]. The potential energy with respect to lattice spacing curves seems to vary more for higher temperatures,
with the minimum energy being around 0.285 nm for the lowest temperature case. The ordering parameter
plots seemed to show a phase change around 150.0 K which was in good correspondence with experimental
observation [9]. The magnitude of the ordering parameter seemed to peak at a lattice spacing of 0.285
nm, and decline slowly afterwards, which also seemed to agree with experimental findings and theoretical
calculations [8].

Recommendations

The major recommendations from this report are make improvements to the software by increasing its use-
ability, and utility. The utility can be improved by simulating systems that implement translation, rotation,
and potential energy components simultaneously, and comparing the results to the MoRiBS energy outputs
for the same system. This will further validate the software. Additionally, future users should look for
more experimental results that are within the limit of what the software can simulate accurately (within
a reasonable amount of computation time), and determine if the simulation can replicate the literature
results.

The use-ability of the software is sufficient for future developers and users to use it, however there are
improvements to be made. It is recommended that future developers adapt the README files so their
more understandable, if they are not currently understandable. Future developers should ensure that there
are no errors within any of the scripts for all possible test case, and they should improve on the efficiency
of the scripts to minimize the computational cost of the software.

The translational and rotational energy outputs from the software are sufficiently close to the theoretical
results, however, the translational, rotational, and potential energy outputs still must be tested with a
potential energy function present. This testing will involve a comparison between all of the energy outputs
with the energy outputs of an equivalent system simulated in MoRiBS.

The system has already been tested against theoretically and experimentally determined results, its
minimum energy and maximum ordering parameter occurs when the the particles are placed 0.285 nm
apart from each other. The more the software can replicate theoretical and experimental results, the more
valid it appears to its users. It is recommended that future users should look for more experimental results
that are within the limit of what the software can simulate accurately, and determine if the simulation can
replicate their results.

Glossary

WKRPT 400 Work-term report

PIMD Path Integral Molecular Dynamics
PIMC Path Integral Monte Carlo
MMTK Molecular Modelling Tool Kit
MBPol Many Body Polarizable

VMD Visual Molecular Dynamics
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LJ Lennard Jones
BFF Body Fixed Frame

MoRiBS Molecular Rotation in Bosonic Solvents
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Appendix A: Evaluation of the Translation Density Matrix

The kinetic energy term can be evaluated by inserting momentum basis states using the resolution of the
identity (i.e. 1 = [d"p|p) (p|), but some background is required on the inner product of coordinate and
momentum states;

The statement;

alp) = et (34)
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must be true such that;

(dld") = /d”p<QIp)<pIQ’> = d(x—a"),

.
—'Pq .
L e , S0 equation 35 now becomes;
(2mh) 2

remains valid. Note (p|¢’) = (¢|p)* =

no_ 1 /n w(q a) _ o
{qlg) = Sk d = §(z—2').

8 2
Now, continuing with the process of solving (g;| e 2mp |gi+1);

_ Br? _ 8P
(gil e"2mP |git1) = /d"p (gi| e 2mP |p) (P|Git1) -
Note that;

2

_ 8% _ 82 _ 82
<q|e 2mP |p> = (q‘e 2mP ’p> = <q|p>e 2mP |

_LPQ 1 Bp ip(q3—ai41)
(qi| e 2mP |gi1) = W d"pe 2mPe D .

Note that this has the form of a Gaussian integral, which has the solution;

Noting that in this scenario, a = 5= B 5 and b = M

Bp? 27TmP Pl ‘“+1>
(gile"2mP [gip1) =

< ‘ Bp? ’ > me(ql2 qu)
qle P giy1) = || 2mp
27rh2

kgm
If we state that k = % (note Kk = {JTZQQ] = %} ), then the above expression becomes;
84 s

2
(il e8P [gier) = [ el

m

Using this result we can write Z as;

Eﬂ%ﬁﬁﬁ+£<w. _
. 2hr23 2P qz)+V(Qz+1)
2= g |( k) LI f e ™

qrP+1 =41

(40)

(44)

Noting that V' (g;) is always counted twice in the sum Zf:l (V(qi)+V(qi+1)> because V(q1) = V(qi+1),

we can rewrite the partition function as;

mP(qi—qi+1)2 8
| £, | mra +PV<qz->]>
Z = Az&[(x/ ) [H/d%]

qrP+1=4q1
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Appendix B: Rotational Density Matrix Derivation
The density matrix for an individual free rotor can be evaluated using the following expression:

Propint () = (Qule oty ) (46)

Proceeding by expanding the eigenfunctions of [€2;11) in a basis set of eigenfunctions of the asymmetric
top |JMK);

Q1) = D (TMK[Qi|IMK) (47)
JIMK
P (r) = (e T Y (IMRIQ | TME) i) (15)
JIMK

Since |JM K ) are eigenfunctions of the Schrodinger equation for the asymetric top, so it follows that;

- N (JM)
e et | JMK) = ¢ Pk |JMK) (49)

where EY™) are the rotational energy eigenvalues of the asymmetric top. Using this as constant allows
us to rearrange it to obtain;

( ~
p’r‘oti’i+1 7_ _ Q Z ( _TE JMK’Q@+1>)|JMK> (50)
IMK
ot . _TE(AJ]W) A
Pt (r) = D (QIME)e TPk (TMK|Qip) (51)
JMK

The choice for the BFF Euler angles (see Appendix B) is arbitrary, so for convenience, the body fixed
frame coordinates are chosen to be such that & = (¢;,0;, x;) = (0,0,0) which leads to;

1) = 0(0— @) = 0(d) (52)

and so tilde’s are added to remind ourselves that we are in the space fixed frame for the |2;1) bead;

Q) = 6(& — dipr) (53)

The next step in solving this expression, the asymmetric top eigenfunctions (i.e. |JM K ) ) are expanded
in a basis set formed by the eigenfunctions of the symmetric top (i.e. |[JMK) );

| JMK) Z CVOlIME) (54)

This gives our new expression for p"%.i+1(7) as;

ot (7 /5 ZC UK)| A d 4E< M) /5 5—Gi) Zc (JK) ]JMK) dé}
IMEK
(55)
protiitl(r) = Z (ZC%}I;)\IIJMK([O,O,O]D( _TE(”W)(ZC};][I({)‘I’JMK(@H))* (56)
JMK K’ K

The eigenvalues of the symmetric top are given by;
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l . .
Uink (W) = Yink(e,0,x) = ( 92 >2elm¢dJMK(9)eZkX (57)

where df;,(0) is Wigner’s reduced d-matrix. Noting di,(0) = dpk, we obtain the solutions to the
wavefunctions above;

2J+1
Vymk (¢, 0i,x:) = Yimk(0,0,0) = (ﬁ) OMK (58)
2J +1\3 ims. ks
Vymk (Pit1, Oiv1, Xit1) = ( 52 )26 P g (Bigr ) e X (59)

Substituting these back into the rotational density matrix equations one will obtain;

—rT 2J+1 (JK) ~rEY M (JK) o s
. TTro . _ zm(j)1 J ) ikxi
(e Trot Q) = JEMK;( - )C [E cY gl (0i1)e ><+1] (60)

Taking the real parts of the complex exponentials it resembles Figure 2-2 [5]. The energy eigenvalues
of this sytem are calculated by using [unresolved historical reference: eq:59] along with p;;:rl( ) to obtain
the energies for that bead, and time step, then averaging the values over all beads and time steps;

i+1
ei/l;i-l - _ 1 0 ;’;t (61)
70 1
prot O
- 1 2J +1 (JA1) , .
a+1 JK M) E (JK) i J kxi
il = g L (T O BT [ o e ] o)
JMK

The Wigner small d function can be found in literature .!° It is defined as;

N[

Al (0) = [(J M) — M) + K)I(J — K)!}

(-1
[XX: (J—M-E)(J+ K — )00 x + M- K)J

§12J—2x—M+K f12x+M—K
[cos 5} [— sin 5}

With all this information it is possible to calculate the rotational energy for a system as a function of

_ 1
temperature. 7 = PhpT

Appendix C: Proof of Approximation
Starting from;
BT+ o BY —BT Y (63)
Performing a Taylor series expansion to the RHS here we obtain;

ePre ey = (1- 5‘; + ﬁQ‘?) (1-8T+ Bﬂ?) (1- BZ + ﬁ{j) : (64)

and we neglect terms O(B33) or greater because a large T means a small 3. For smaller temperature
cases we require a mathematical tool known as the Trotter expansion, finishing off this expansion;
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1% /32 ‘;'2 62 A R
= 1-B(5+7 ) ( T+ )+ 5 (VT+17).
ﬁ2—|—+2 24++4+2V-|—V (65)
vV ap gV vaop vy B2 -
e PrePleBy = ¢ PEHT+T) 4 ?{V,T} . (66)
e BT BT BT~ o BEFTHE) (67)
which can be computed exactly using a Trotter expansion;
e PEFT+E) — pim {eggeﬁgegg} . (68)
P—oo

This formalism is exact for all values of 5.

Appendix D: Energy Eigenvalues from Operators Proof

The goal of this section is to show how to go from the operator notation of the density matrices to the
energy eigenvalue notation of the density matrices;

vaot

e~ 2"”6 /BTrot _)> — <R‘ _/B(Etrans+Erot+V )‘R> (69)

p = (Rle

One can start by noting that the second terms in the Taylor Series expansion of the exponential are
much larger than the third terms from the Taylor expansion.

A~ A~ A A

B2 v

Vi Vi Vv R .
B( 2ot + Ttrans + Trot + ZOt) > ?( got + Ttrans + 1 got)Q ) (70)
and so it is a valid assumption to state that
(Tt et T V22 4
e /8( p2 +Ttrans+Trot+ p2 ) 1 _ ,B( pOt + ﬂrans + Tr‘ot + ;Ot) , (71)

and operating on the ket, then having the bra operate on the resulting term we obtain;

R R . V. ,
p ~ (R [1 — 6( Voot + Tirans + Trot + ’2’“) ] |R) , (72)
and these operators transform into their respective energy eigenvalue representation;
p =~ <R| |:1 - ﬁ(Etrans + Erot + V( )) :| ‘R> (73)
which can be re-represented exactly in an exponential form as;

ﬁ — <E’ e_ﬂ(Etrans+Erot+V(é)) ’ﬁ> . (74)
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Appendix E: Simplification of Asymmetric Top Hamiltonian

. h? h? h?
T = — 2_ Vg2 Vg2
' 2Mav 2ubv 2ucv (75)
For linear rotors, the Laplacian in spherical coordinates (used for angular momentum operators) is;
11 0 %) 1 9
2 N
SN P 76
Vros r2 [smeae(sm 96) " sin?0 042 (76)
and note that ,uar% = I, equation 75 can be rewritten as;
. R R* R*yp 10 %) 1 02
rot — T |a7 gy e " - in 60— —_—
t [2Ia ton 210} {sm@ 90 (sin 89> t ea¢2} (77)
Defining rotational constants A, B, and C as;
h? h? h?
A = — B = — = —
21, "’ 21’ ¢ 21, (78)

one can more cleanly express the kinetic part of the Hamiltonian as;

Trot = AJ?+ BJ2+CJ?. (79)

Appendix F: Coulomb Potential

The coulomb potential is used when the user wants to model the potential interaction between molecules
using their partial charges, and calculating the potential interaction between all the partial charges while
neglecting the ”self interactions” of the molecules partial charges with each other. This is mathematically
represented as;

N N

V N qiq;

coulomb — § Arrer:: . (80)
i=1 ji K

Appendix G: Dipole-Dipole Interaction Potential

The dipole-dipole interaction potential is to be used when the user wants to implement a simulation when
they know dipoles will be sufficiently far apart, and possibly also when they want to studying the ordering
parameters of water molecules without knowledge of the exact distributions of the orientation of the dipoles.

N N S5 o S5 S

oo papz (L 3(E - Tig)(E - Tiyg) 81

dipole—dipole = Z Arears €i-€j — r2 ( )
i=1 i 0 i,

The dipoles must be sufficiently far apart because the derivation of this (simpler) form of the dipole-
dipole interaction potential assumes that the length of the dipole is much smaller than the distance between
dipoles. For this reason, this potential is particularly useful when the dipoles are pinned some relatively
large distance away from each other such that this condition is met.
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Appendix H: Euler angles for Rotation Matrix Functions

Start by defining the rotation matrix using Zares definitions of the Euler angles .'! The full rotation matrix

is the product of simpler unitary matricies, making the product of the rotation matricies R(@) also unitary.

R(®) = R(x,0,6) = Ry-Ry-Ry (82)
. cosy siny O cosf 0 —sinf cos¢p sing 0
R(®) = | —sinxy cosx O 0 1 0 —sing cos¢ 0 (83)

0 0 1 sin@ 0 cosf 0 0 1

A property of unitary matricies is that the transpose of a unitary matrix is equivalent to the inverse of
the same matrix. It can be seen that;

3—»31—» 3—»3T—' 3 3 3 3 3 T 3 3 3T :T :T
R@)RY(®) = R(®)R'(B) = Ry Ry Ry - [RX~R9.R¢} — Ry -Ry-Ry RL-RY-RL  (84)

— — — — —
— — — — —

R@)R@) = Ry Ry Ry R-R] - R = Ry-Ro- Ry Ry By R %)

Evaluating the ﬁ¢ﬁ;1 terms one will see;

cos¢p sing 0 cos¢p —sing 0

§¢é;1 = [ —sing cos¢p 0 sing cos¢p 0 (86)
0 0 1 0 0 1
L. cos® ¢ + sin? ¢ cos¢psing —singcosg 0 .
R¢Rd_>1 = | —sin¢cos ¢ + cos ¢sin ¢ cos® ¢ + sin? ¢ 0| =1 (87)
0 0 1

Where the identity matrix I is defined as;

. 1 00
I =10 10 (88)
0 01
The same can be proved for ﬁgﬁe_l and ﬁx—%? 1
Evaluating the }?¢ﬁ;1 terms one will see;
oL cos 0 sind cos 0 —sinf
RyR,' = 0 1 0 0 1 0 (89)
—sinfd 0 cosf sinf 0 cosf
L. cos® 0 + sin? 9 0 cosfsinf —sinfcosf .
RyR,' = 0 1 0 =T (90)
—sinfcosf + cosfsinf 0 cos? 6 + sin? @
Evaluating the ﬁxﬁg I terms one will see;
Lo cosy siny O cosy —siny 0
RXR;1 = | —sinxy cosy O siny cosy O (91)

0 0 1 0 0 1

25



—

R cos? x + sin? y cosxsiny —sinycosy 0 .
RXR;1 = | —sin ycosy + cos xsin y cos? X + sin2 X ol =1 (92)
0 0 1

Which proves that;

—
= =

RE YD) = [ = B UB)R@D) (93)

These concepts are used to find the relative Euler angles between beads in order to calculate the
rotational energy value for that bead in the integrator script.

-
- —

ARi11,(®) = R(®is1)RH(®;) (94)
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